THE PHASE SPACE OF THE REDUCED THREE- WAVE 
INTERACTION DYNAMICAL SYSTEM 



YUSUKE SASANO 



Abstract. We study the phase space of the reduced three-wave interaction dynamical 
system. Thanks to its phase space, we present a five-parameter family of modified re- 
duced three-wave interaction dynamical systems. We give its symmetry and holomorphy 
conditions. 



1. Introduction 

The reduced three-wave interaction dynamical system is exphcitly given by 

dx 

— = -2y^ + -fx + 6y + z, 
at 

^ = 2xy - Sx + 7?/, 
dz 

— = -2xz - 2z. 
{ dt 

Here x, y, z denote unknown complex variables and S and 7 are complex constant param- 
eters. In this paper, we study the phase space of ([I]) from the viewpoint of its accessible 
singularities and local index. 

We show that all accessible singular points can be resolved if and only if 



(2) 



{(5,7) = (0,-1), (5,0)}. 



Thanks to its phase space, we present a 5-parameter family of modified reduced three- 
wave interaction dynamical systems explicitly given by 



dx 



(3) 



37 = - 2?/^ - («! + as - 205)1/ + z + 
dt 



dy 
dt 
dz 



-2xy — 2a^x + \/^^{ai — az)y 



4 



02 — 04 -|- 2(ai — 03)05 



— 2xz — (02 + 04)0; + V— 1(02 — 04)?/ — V— l(oi — 03)^ 
-|- V— 1(0203 — O1O4). 

Here x, y, z denote unknown complex variables and Oj {i = 1, 2, . . . , 5) are complex pa- 
rameters. 

We also give its symmetry and holomorphy conditions. 
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2. Accessible singularity and local index 



Let us review the notion of accessible singularity. Let 5 be a connected open domain 
in C and tt : W — > B a smooth proper holomorphic map. We assume that 7^ C W is a 
normal crossing divisor which is flat over B. Let us consider a rational vector field v on 
W satisfying the condition 

V G H\w, Qw{-iogn){n)). 

Fixing to E: B and P G W^y, we can take a local coordinate system (xi, . . . 

) of Wt, 

centered at P such that Tismooth can be defined by the local equation xi = 0. Since 
V G H^iyV, 6w(— log7i)(7i)), we can write down the vector field v near P = (0, . . . , 0, to) 
as follows: 

92 d ^ Q„ 



d d 



+ ■ ■ ■ + 



d 



Xi dXn ' 

This vector field defines the following system of differential equations 



dxi dx2 
(4) — = g^ix^,...,x^,t),— 



g2{Xl, . . .,Xn,t) 



I Xn , 



Xi dt xi 

Here gi{xi, . . . , Xn, t), i = 1,2, . . . ,n, are holomorphic functions defined near P = (0, . . . , 0, to)- 

Definition 2.1. With the above notation, assume that the rational vector field v on 
W satisfies the condition 

We say that v has an accessible singularity at P = (0, . . . , 0, to) if 

xi = and gi{0, . . . , 0, to) = for every i, 2 < i < n. 

If P G TYsmooth is not an accessible singularity, all solutions of the ordinary differential 
equation passing through P are vertical solutions, that is, the solutions are contained in 
the fiber Wto over t = to. If P G TYsmooth is an accessible singularity, there may be a 
solution of (jl]) which passes through P and goes into the interior W — 7i of W. 

Here we review the notion of local index. Let v be an algebraic vector field with an 
accessible singular point "p* = (0, . . . , 0) and (xi,...,x„) be a coordinate system in a 
neighborhood centered at "p^. Assume that the system associated with v near can be 
written as 

(5) 



d 
dt 



/ Xi \ 

Xn—1 



1 

Xl 



ail 

0^21 





(^22 








fl(n-l)l fl(n-l)2 



" 


^ Xl \ 




( Xihi{xi, . 


• 1 Xn 5 t) 


> 





X2 




h2{xi, . . 


, Xn^ t) 









+ 






> 


a(n-l){n-l) 


Xn—1 




hn-l{Xl, . 


• ) Xn., t) 






\ Xn J 




\ hn{Xi, . . 


, Xni t) y 


> 



(/li G C(t)[xi, . . . ,x„], G C(t)) 
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where /ii is a polynomial which vanishes at "j? and hi, i = 2, 3 
order at least 2 in xi, X2, . 
local index at "p*. 
We are interested in the case with local index 



, n are polynomials of 
Xn, We call ordered set of the eigenvalues (an, a22, ■ ■ ■ , ctnn) 



(6) 



^l,a22/aii, • • . ,a„„/an) e Z". 



These properties suggest the possibilities that ai is the residue of the formal Laurent 
series: 

an 



(7) 



yiit) 



+ h + b2{t-to) + --- + b^{t~to 



,n-l 



+ ■ ■ 



ih e C), 



(t - to) 

and the ratio (1, a22/ctii, • • • , flnn/o-ii) is resonance data of the formal Laurent series 
of each yi{t) {i = 2,...,n), where . . . , is original coordinate system satisfying 
= ?/„),..., f,{yi,...,yn) G C(t)(?/i, . . . , ?/„). 

If each component of (l,a22/aii, • • • ,ann/cin) has the same sign, we may resolve the 
accessible singularity by blowing-up finitely many times. However, when different signs 
appear, we may need to both blow up and blow down. 

The a-test, 



(8) t = to + aT. 
yields the following reduced system: 

(9) ^ _ 

aii(to) 



0, 



d_ 

dT 



X2 



1 



021(^0) 





022(^0) 












«(n-l)(n-l)(^o) 
fln(n-l)(^o) 











X2 



n-1 



(to) J V / 



Xn-l a(„_i)i(to) a(n-i)2(to) 

\ Xn J _ a„i(to) 0,n2(to) 

where aij{to) G C. Fixing t = to, this system is the system of the first order ordinary 
differential equation with constant coefficient. Let us solve this system. At first, we solve 
the first equation: 



(10) 



Substituting this into the second equation in ( 
ordinary differential equation: 

dX2 022(^0)^^2 



Xi(T) = an(to)T + Ci (Ci G C). 

I, we can obtain the first order linear 



:ii) 



+ a2i(to)- 



dT an(to)T + Ci 
By variation of constant, in the case of an (to) 7^ a22(to) we can solve explicitly: 

(12) X,(T) = fMaMT + c.)ggS + °^i('o)(°i.(«.)r + C.) ^^^^^j 

an (to) - a22(to) 
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This solution is a single- valued solution if and only if 

022(^0) 



an (to 



G Z. 



In the case of an (to) = 022(1^0) we can solve explicitly: 

(13) X,(T) = C,ianito)T + C,) + ^^^(^o)(^^^(^o)^ + C^)Log{an{to)T + C,) ^ 

flu (to) 

This solution is a single- valued solution if and only if 

021 (to) = 0. 

Of course, ^^saiM = 1 ^ the same way, we can obtain the solutions for each variables 

(X3, . . . , X„). The conditions £ Z, (j = 2, 3, . . . , n) are necessary condition in order 
to have the Painleve property. 

3. Construction of the phase space 

In order to consider the phase space for the system ([T]), let us take the compactification 
[zq : Zi : Z2 : z^ G of (x, z) G with the natural embedding 

{x,y,z) = {zi/zo,Z2/zo,Z3/zo). 

Moreover, we denote the boundary divisor in by Ti. Extend the regular vector field on 
to a rational vector field -y on P^. It is easy to see that P^ is covered by four copies of 



Uo-- 

u, = c 



3 {x,y,z), 
'3{X^,Y^,Z^) (j = 1,2,3), 



via the following rational transformations 

Xi = 1/x, Yi = y/x, Zi = z/x, 
X2 = x/y, Y2 = l/y, Z2 = z/y, 
X3 = x/z, Y3 = y/z, Z3 = l/z. 

The following Lemma shows that this rational vector field v has seven accessible singular 
points on the boundary divisor 7i C P'^. 

Lemma 3.1. The rational vector field v has four accessible singular points: 
{ Pi = {(Xi,Fi,Zi)|Xi = Fi = = 0}, 
P2 = {(Xi,Fi,Zi)|Xi = = 0, Fi = v^}, 
P3 = {(Xi,Fi,Zi)|Xi = = 0, Fi = -v^}, 
[ P4 = {(X3, F3, ^3)1X3 = F3 = ^3 = 0}, 



(14) 
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where the point P4 has multiphcity of order 4. 
This lemma can be proven by a direct calculation. 
Next let us calculate its local index at each point. 



□ 



Singular point 


lYpo of local index 


Pi 


(0,2,-2) 


P2 


(-2,-4,-4) 


P3 


(-2,-4,-4) 



In order to do analysis for the accessible singular point P4, we need to replace a suitable 
coordinate system because this point has multiplicity of order 4. 

At first, let us do the Painleve test. To find the leading order behaviour of a singularity 
a,t t — ti one sets 

r a 

X (X 



y oc 



z oc 



b 

c 



from which it is easily deduced that 

m = 1, n = 0, p = 2. 

Each order of pole (m, n, p) suggests a suitable coordinate system to do analysis for the 
accessible singular point P2, which is explicitly given by 



(x,r,z) 



1 z 



x^ 

In this coordinate, the singular points are given as follows: 



p(2) 



(x,y,z)= (o,-,o 



2'' 

(x,y,z)= (0,^,-1 



Next let us calculate its local index at each point. 



Singular point 


Type of local index 


p(i) 
-'4 


(0,2,-2) 


-^4 


(1,2,2) 



Now, we try to resolve the accessible singular point P^^^ . 
Step 0: We take the coordinate system centered at P^^^: 



p = X, q = Y--, r = Z + l. 



[p] 




/l 0^ 










p 


2 




Q 




v) 


1^0 2^ 




v) 
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In this coordinate, the system ([1]) is rewritten as follows: 



By considering the ratio (l, j, 1) = (1, 2, 2), we obtain the resonances (2, 2). This property 
suggests that we will blow up two times to each direction q^^^ (resp. r^^^). 

(2) 

Step 1: We blow up at the point P2 . 

p p 

Step 2: We blow up at the point P4 = {(p^^^ g^^^, r^) = (0,0,0)}: 

+ f ^_r«+ 2(7 + 1) 



u = p^^\ V 



p 



(1) 



w 



P 



(1) 



In this coordinate, the system ([T]) is rewritten as follows: 

' du 



(15) 



— = gi{u,v,w}, 

dv 6'y . . 
-77 = — + 92{u,v,w} 
dt u 



dw 7(7 + 1) 



+ g3{u,v,w), 



(16) 



. dt u 
where gi{u,v,w) G C[u,v,w] {i = 1,2,3). 

Each right-hand side of the system (fTS!) is a polynomial if and only if 

57 = 0, 

7(7 + l) = 0. 

These equations can be solved as follows: 

(17) {(5,7) = (0,-1), (5,0)}. 

Theorem 3.2. Under the assumption (fT7|) . the phase space X for the system (fl]) is 
obtained by gluing four copies ofC^: 

U,=C^3{ix,,y,,z,)}, J = 0,1, 2, 3 

via the following birational transformations: 



0) xo = 


X, 


yo = y, 


1) Xi = 


1 


yi = - 




X 






1 




2) X2 = 




y2 = - 




X 




3) X3 = 


1 




X 


2/3 = - 



6\ 5'y\ 2 / \ 

X + — ] X, Z3 = z + X + 2(7 + l)x. 
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We remark that these transition functions satisfy the condition: 



dxi A dyi A dzi = dx A dy A dz {i = 1, 2, 3). 



4. Modified reduced three-wave interaction dynamical system 

In this section, we present a 5-parameter family of modified reduced three-wave inter- 
action dynamical systems explicitly given by 



dx 



(19) 



- 2?/2 - («! + as - 2a^)y + z + 



^2 + tt4 + 2(q;i + az)a^ 



-a2 — 0:4 + 2(ai — 0:3)05 



^ =2xy - 2a^x + v^(ai - 03)1/ 
dt 

dz 



— = — 2xz — (a2 + aAx + v^(«2 — ce4)y — v — l(ai — ct3)z 
dt 



Here x, y, z denote unknown complex variables and [i = 1, 2, . . . , 5) are complex pa- 
rameters. 

Proposition 4.1. This system is invariant under the following transformations: 



s(x,y,z; ai,a2, . . . , as) ^(x 



(20) 



7r{x, y,z; ai,a2, • • • , "5) 



-l(a2 - «4) 



:{Ay'^z - %a^yz 



2{y-a^) '"'4(y-a5)2 
+ 4V— 1(^2 — aAlxy — 4\A-T(a2 — a4)a^x 
— 2(ai — a3)(Q;2 — (y.4)y + 40:52; 
-I- (02 — a4)(«2 — 04 + 2{ai — a^)a:^)}] 
tti, 04, as, ^2, as), 
(x, -y, 2;; -as, a4, -ai, a2, -as). 



where the transformations s and vr satisfy the relations: 



(21) 



= TT^ = 1, (s7r)2 = 1. 



Theorem 4.2. The phase space X for the system fll9p ^s obtained by gluing four copies 
ofC^: 



Uj=C^3{{x„y„Zj)}, J = 0,1, 2, 3 
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via the following birational transformations: 

y, zo = z, 

— {y — \p-Vx + a\)x, zi = {z + a2)x, 

X 

(22) I 

(y - 05) X X, 



0) xo 


= 2;, 


1/0 = 


1) 


1 

X 


?/l = 


2) X2 


1 

X 


Z/2 = 


3) X3 


1 

X 


Z/3 = 


^3 


= Z + X^ + \ 



These transition functions satisfy the condition: 

dxi A dyi A dzi = dx A dy A dz {i = I, 2, 3). 

Theorem 4.3. Let us consider a system of first order ordinary differential equations 
in the polynomial class: 

^ = ^ = /2(x,?/,z), ^ = f^{x,y,z) {fi{x,y,z) eC[x,y,z]). 

We assume that 

(Al) deg{fi) = 2 with respect to x,y, z. 

{A2) The right-hand side of this system becomes again a polynomial in each coordinate 
system {xi,yi,Zi) {i = 1,2,3). 

Then such a system coincides with the system ( lT9l) . 
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